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Abstract 

We prove the existence of a global attractor for the Ncwton-Boussinesq equation defined 
in a two-dimensional channel. The asymptotic compactness of the equation is derived by 
the uniform estimates on the tails of solutions. We also estabhsh the regularity of the global 
attractor. 
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1 Introduction 

In this paper, we investigate the asymptotic behavior of solutions of the Newton-Boussinesq 
equation defined in an unbounded domain. Let = (0, L) x M where L is a positive number. 
Consider the system of equations defined in (x, y) £ 0, and t > 0: 

dt^ + ud^i + vdyi = - ^d^e + /(x, y), (1.1) 

A^ = e, U = ^y, V = -^:,, (1.2) 
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dte + ud^e + vdye = —Ae + g{x,y), (1.3) 

where it = (n, v) is the velocity vector of the fluid, 9 is the flow temperature, ^ is the flow 
function, S, is the vortex. The positive constants Pr and Ra are the Prandtl number and the 
Rayleigh number, respectively. The external terms / and g are given in L^(0). 

The Newton-Boussinesq equation describes many physical phenomena such as Benard flow, 
see, [71 [8] and the references therein. If the domain is bounded, the existence, uniqueness and 
the asymptotic behavior of solutions of system ()l.ip - (ll.3p have been studied by several authors, 
see, e.g., [3 [TOt [TTt I12j . In this paper we will examine the dynamical behavior of the solutions 
when the system is defined in the unbounded two-dimensional channel 0. More precisely, we 
will prove the existence of a global attractor for the system. Note that the unboundedness of the 
domain Vt introduces a major difficulty for proving the existence of a global attractor because 
Sobolev embeddings are no longer compact in this case, and hence the asymptotic compactness 
of the solution operator cannot be obtained by a standard method. Several approaches have 
been developed to overcome this difficulty. The energy equation method is one way to prove 
the asymptotic compactness of equations defined in unbounded domains. This idea was first 
developed by Ball in E] to deal with the compactness of the wave equation and the Navier- 
Stokes equation in bounded domains, and then extended by other authors in [TU [161 [10] to the 
Navier-Stokes equation in unbounded domains. Note that the energy equation of the Navier- 
Stokes equation in L^(il) does not contain the nonlinear term. This fact together with the 
weak compactness can be used to prove the strong asymptotic compactness in L?'{^1) (see, e.g., 
[161 120j). However, in our case, the energy equation for system (jl.ip - ()1.3p in L^(r2) does contain 
the nonlinear term, and hence the energy equation approach does not apply. In this paper, 
we will employ the techniques of uniform estimates on the tails of solutions to establish the 
asymptotic compactness of the Newton-Boussinesq equation. This idea was develop in [23] for 
proving the asymptotic compactness of the Reaction-Diffusion equation in unbounded domains, 
and later used by several authors in[Il[2l[3l[l5l[I7l[l9l[22]. 

This paper is organized as follows. In the next section, we derive uniform estimates for the 
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solutions of the system (jl.ip - (|1.3p when t oo, which are necessary for proving the existence 
of a bounded absorbing set and the asymptotic compactness of the equation. In Section 3, we 
first estabhsh the asymptotic compactness of system (|l.ip - (jl.3p by uniform estimates on the 
tails of solutions, and then prove the existence of a global attractor. The regularity of the global 
attractor is given in the last section. 

In the sequel, we adopt the following notations. The norm of L'^{Q) is denoted by || • || which 
is defined by mean of the usual inner product (•,•). The norm of any Banach space X is written 
as II • In particular || • ||p represents the norm of LP{0,). The letter C is a generic positive 
constant which may change its value from line to line. 

Throughout this paper, we frequently use the following inequality 

\\u\\4 <c\\u\\l,^^^\\u\\'2, yueH\n), (1.4) 

and the Poincare inequality 

||u||<A||Vn|| yu£H^{n), (1.5) 

where A is a positive constant. 

2 Uniform Estimates of Solutions 

In this section, we derive uniform estimates for the solutions of the system ()l.ip - ()1.3p for large 
time. We also prove that the tails of solutions are uniformly small when space and time variables 
are sufficiently large. 

Notice that system (|l.ip - (|1.3p can be rewritten as follows: for every {x,y) G and t > 0, 

A* = « , (2.2) 

— -—Ae + J{^,0)=gix,y), (2.3) 
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with the boundary conditions 

eian = 0, e\9n = 0, '^\dn = 0, (2.4) 

and the initial conditions 

y, 0) = Co{x, y), 9{x, y, 0) = 9o{x, y), (2.5) 
where the functional J is given by 

J{U, V) = UyVx - UxVy . (2.6) 

It is easy to verify that J satisfies: 

/ J{u,v)v dxdy = 0, for all u G H^{n), v E H'^{n) n Hl{n), (2.7) 

\\J{u,v)\\<C\\u\\h2\\v\\h2, for all ue H^{n), V £ H'^{n), (2.8) 
\\J{u,v)\\ <C\\u\\h3\\'^v\\, for all ue H^{n), V e H^{n). (2.9) 

It is standard to prove that problem (|2.ip - (j2.5p is well posed in L'^{Q) x L'^{Q) (see, e.g., [9]). 
More precisely, for every (,^0) ^o) ^ L'^{0,) x L'^{Q), system (j2.ip - (j2.5|) has a unique solution (^, 9) 
such that for every T > 0, 

e G C°([0,oo),L2(17)) nL2(0,r;Fi(17)) , 
9 e C70([0,oo),l2(17)) nL2(0,T;i7o^(17)) . 

Therefore, we can define a semigroup {S{t)}t>o such that for every t > 0, /^(t) maps L'^{Q) x 
L^(r2) into itself and S{t){^Q, 9q) = (^{t),9{t)). We now start to derive uniform estimates for the 
dynamical system {5(t)}f>o. 

Lemma 2.1. Suppose that {Co,9q) € L^(0) x L'^(Q). Then for every T > 0, there is a constant 
C > such that the solution (C,^) of system /12.1]) - I[K^) satisfies 

\\m\\ + \\9{m<c vtG[o,r], 

where C depends only on the data {^},Pr,Ra), T depends on the data (Q, Pr, Ra) and R when 
llColl < R and \\9o\\ < R. 
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Proof. We first consider equation (j2.3p . By taking the inner product of ([O]) with 9 in L^{n) 
and using relation (|2.7p we obtain 



By Poincaire inequahty p.5p we find that 



Notice that the right-hand side is bounded by 

J^gedxdy<\\g\\\\e\\<C\\g\\^ + j^m 
By (f230|) - (f2T^ we find that 



(2.10) 



(2.11) 



(2.12) 



+ ^liv^lr + 



<C, Vt > , 



which implies that 



dt 



+ Ci\\e\\^<c, vt>o. 



Let T > be fixed and take t € [0, T], integrating (j2.14p over {0,t) we obtain 



(2.13) 



(2.14) 



||6'(t)|p < CiT+\\e{0)f < CiT + R^ <C, Vt G [0,T] 



(2.15) 



We now consider equation (|2.ip . By taking the inner product of (|2.ip with ^ in L^(r2) and using 
relation (j2.7p we obtain 



1 d_ 
2dt 



lieil' + l|V^|P + ^ / 0.Cdxdy= / f^dxdy. 



We notice that the following inequalities hold 



Rn 



6x£,dxdy 



(,x0dxdy 



and 



/ f^dxdy 
Jn 



< 



<^\\vmm<lm\\'+c\\e\f 



<A||/||||V^||<^||V^||2+C. 



(2.16) 



(2.17) 



(2.18) 



By (f2T3|) . OTH) and (I2J8D . it follows from (I2J6D that 

^||eiP + l|Ve|P<C, Vt€[0,T]. (2.19) 



Then Poincaire inequality implies that 

j^m\' + Cim\'<C, Vte[0,T]. (2.20) 
Integrating ()2.20p on (0, t) we obtain 

Iimil'< C^r+lle(0)|| <C, VtE[0,r]. (2.21) 
Combining ()2.15p and ()2.2ip we conclude that 

mt)\\ + \m\\<c, vte[o,r]. (2.22) 

The proof is complete. □ 

Lemma 2.2. Suppose that (^O)^o) ^ -L^(r2) x L'^{Q). Then for the solution {£,,9) of system 
(E2P-(E3' we have 

\\m\\ + mt)\\<Mi vt>ti, 



and 

||Ve(T)||2(ir+ / \\V9{T)\\dT<M2 yt>ti 



t+l rt+l 
2, 



where Mi and M2 are constants depending only on the data {^},Pr,Ra), ti depends on the data 
(0, Pr, Ra) and R when \ \io\ \ < R and \ \9q\\ < R. 

Proof. By (|2.14p and Gronwall inequality we infer that 

||^(t)|P <e-^i*!|0(O)|p + C2 <e-^^*i?2 + C2 <2C2 Vt > (2.23) 
where tl = -^In (^g) . Moreover by (l2TfD . (l2l8D and (l2:23D we get from (l2:2nD that 

|||eil' + Ci||C||2<C, yt>tl. (2.24) 



(2.25) 



By Lemma l2.ll and Gronwall inequality we have 

mm' < e-°'<'-':>ii«(;)ip + ^ 

Combining ^^I^ and (1^^ we find that 

\\em + \\m\\<c, yt>h, (2.26) 

where ti = maxjt^jtg}- By ()2.13p we obtain that 

■^\\9\f + CWVeW^ < Ci, VT>ti. (2.27) 
ar 

Integrating KT7\\ on {t,t + 1), by we have that 

rt+l 

\\Ve{T)\\^dT <C, yt>ti. (2.28) 

By (f236l) and (p:25]) we also have 

^llelP + C||Ve|P<Ci, VT>ti. (2.29) 

Integrating K29\i on (t,t + 1), by we get 

rt+l 

J ||VC(r)||2(ir < C, Vt>ti. (2.30) 
Then Lemma [12] follows from (H^S]), ([2:28]) and ([230]) . □ 

We now derive uniform estimates in //^(O). 

Lemma 2.3. Suppose that {^o,Go) ^ L^(r2) x L^(r2). T/ien /or the solution {^,9) of system 
IKM-WM we have 

||Ve(i)|| + ||V0(i)|| <M3 Vt>t3, 

and 

rt+l 

{\\/\m\? + \\^o{t)\\^) dtKhh, yt>t3, 

where M3 is a constant depending only on the data (fi, Pr, Ra), ^3 depends on the data (17, P,., Ra) 
and R when W^qW < R and \ \9q\ \ < R. 



ld_ 
2di' 



Proof. Taking the inner product of (pT]) with in L'^{n) we eet 

-||Ve|P + ||Ae||2= / J{q,,^)A^dxdy + ^ [ e.A^dxdy- [ fA^dxdy . (2.31) 
Jn Jn Jn 

Notice that the first term on the right-hand side of (j2.3ip is given by 

[ J{^,i)Aidxdy= [ ^yi^Aidxdy+ [ ^^^yA^dxdy . (2.32) 
Jn Jn Jn 



We now estimate the first term on the right-hand side of (I2.32P . By ()1.4p and Lemma 12.21 we 
have the fohowing estimates for t >T, 



[ ^yCa^A^dxdy < W^yWMMm < C\\^y\\M\^y\\iMx\\M\(x\\i,\\A^\ 
Jn 

< (:7||^||j^2||VC[|5||A^||i < C||Ve||^||A^[|i < -||Ae|p + C[|V^|p 



Similarly for the second term on the right-hand side of (|2.32p we have 

/ ^^CyA^dxdy <h\A^f + C\\VC\\^ . 
Jn o 

It follows from (1232]) and ([23^ that 

J^J{^,OACdxdy <^\\A^\\^ + Cm\\^ . 
Note that the last two terms on the right-hand side of (j2.3ip are bounded by 



C 



Ox^idxdy 



+ 



f A£^dxdy 



< -||Ae|p + C||V^|p + C. 



From (fOTD and i^Mj-^M) we have 
d 



dt 



liv^lp + ||AC[|2 < c (iiv^ip + \\ve\\^)+c, yt>T . 



Taking the inner product of ()2.3p with AO we get 

lj\\Ve\\^ + y\\A0\\^ = j J{^,e)Aedxdy+ j gAOdxdy . 
By arguments similar to (j2.35p and ()2.36p . we obtain that 



(2.33) 



(2.34) 



(2.35) 



(2.36) 



(2.37) 



(2.38) 



|||V0|P + < c (liv^ip + \\vef) + c, vt > T . 



(2.39) 



Let OL = mill |l, 2^|. Then from (fOTj) and (I239I1 . we have 
d 



dt 



(llVeiP + ||V0|p) + a (IIA^lp + IIA^lP) < C (llVeiP + IIV^IP) + C, Vt > T . (2.40) 



By the uniform Gronwall inequahty and Lemma 12.21 we find from (|2.40p that 



j|v^(t)|| + [|V0(t)|| <c, vt>r + i. 



Integrating (^l0\\ on {t,t + 1), by (f2:iT]) we get 

rt+l 



+ \\^o{t)f)dt<c, vt>r + i 

Then Lemma O follows from ([231]) -([232]). 



(2.41) 



(2.42) 
□ 



Next we establish the uniform estimates on the tails of solutions which are crucial for proving 
the asymptotic compactness of the solution operator. Given A: > 0, we denote by the set 
= {{x,y) € : |y| < A;} and ^\^k the complement of Vtk- For our purpose, we choose a 
smooth cut-off function (f) such that < (j){s) < 1 and 



if|s|<l 

1 if|s|>2. 



(2.43) 



Then, we have the following Poincaire type of inequality 



Lemma 2.4. Let v E Hq{Q) and (j) be given as above. Then 3 a > and /? > such that 
yk > 0: 



2\ r /I„,|2 

, „ , .Vvl'^dxdy > a , ^ , , „ 



2 ( \yr \ ,v7„,i2^.^„, ^ / ^2 / \yr \ ^2^^^y _ ^ j ^2^^^y 



Proof. By Poincaire inequality (jl.Sp . we have 



] v'^dxdy < }? 



V 



A;2 



dxdy , 



(2.44) 



Notice that 



dxdy < j ) iVvpdxdy + 4 



l2\ \ 2 2 

u I \y\ \\ y 2 



k* 



V dxdy 
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< 



< 



— 4' [ -pr l^""! dxdy + / dxdy 
n V K / Jk<\y\<V2k 

J (^) l^^l^^^^y + § / Ivl"^ dxdy . (2.45) 
From ([Tlil) and ([2:i5]) it follows that 

which implies Lemma |2.4[ The proof is complete. □ 



Lemma 2.5. Given e > 0, then there exist t^ > and ko > such that the solution 9) of 
system h2. l\) - [275\) with the initial condition (Co)^o) satisfies 



I {\m? + W)?)dxdy<e, yt>t3 



where /cq depends only on the data {0,, P^, Ra) and e, t^ depends only on {0,, Pr, Ra), e and R 
when 1 1^0 1 1 1^ R and \ \0q\\ < R. 



Proof. Multiplying (j2.3p by 0^ (^P") ^(-^'^'0 then integrating the resulting identity over 
we obtain 

= ^ 9"*' (Jfi-) "itti!/ - ^ J(*, f^L^ rfidj, (2.47) 

We now estimate every term in (j2.47p . We first have, by Lemma |2.4|, 

^ i //^ (if) l^"!'"" + i I * (if) (if) 
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For the last term on the right-hand side of ()2.47p we obtain, by integration by parts, 



■^yOM ( ^ ) dxdy 



dxdy 



i|L ) dxdy 



-gr j dxdy 



\y\ 



1 .2^ ,2 fivi] 



A;2 J 



dxdy 



+2 / 

In 



^2 jdxdy + - 



y 



\y? 

fc2 



dxdy 



T9- T9- Todxdy 



, f\y\' 



fc2 / A;2 



y?\ y 



-TT ] (t> \ -TT ] Todxdy. 



B / A;2 



It follows, from ([2:i7t) through ([2:i9|) that 

Note that the first term on the right-hand side of (j2.50p is bounded by 



) dxdy 



\y\>k 



— ) dxdy 



< 



g dxdy 



\y\>k 



\y\>k 



< 



< C 



g^dxdy 



\y\>k 



.4 / ^ ) e2^^^y 



^-2 / 1^1' \ e^dxdy 



A;2 



\g\^dxdy + 



a 

2Pr 



\0\ 



2i2 



\y? 

A;2 



'|y|>A; ^^r Jfl 

For the second term on the right-hand side of (|2.50p we have 



dxdy . 



4 



\y\'\.U\y\ 



fc2 



A;2 



dxdy 
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4 

Pr 



k<\y\<V2k 



c 
< — 

- k 



\e\\ey\dxdy<^\\e\\\\v9\\<^. 



k 



(2.52) 



lk<\y\<V2k 

where the last inequahty is obtained by Lemmas (j2.2p and (|2.3p . The third term on the right- 
hand side is bounded by 

|2\ /L,|2- 



2 



k<\y\<V2k 



\y?\ y 



dxdy 



C 



< - / \^^\\e\^dxdy < - / \^^\\e\^dxdy 

Jk<\y\<V2k 1^ JQ 



<^||^.||6||^||3||e||< 



c 



< 



C 



It follows, from (f230|) through ([233|) that for k>l 



d /■ |^|2^2 /^|yP^ j^j., , " fini2j.2fW^ 



dt 



^2 ; dxdy + \eU' (^1^ j dxdy < j + C, 



(2.53) 



\y\>k 



\g\^dxdy . (2.54) 



Now, since g G L^(r2), given e > 0, there exists fei > such that 



Ci I \g\^dxdy <-, yk> kiie) . 
\y\>k ^ 



(2.55) 



Let k2 = max{A;i, then by (f23i|) and (1235]) we obtain that for all k > k2 and t > T, 

|2^ 



2 i,2 



A;2 



dxdy < e. 



(2.56) 



Applying Gronwall lemma to (j2.56p . by Lemma 12.21 we find that, for all k > k2, 



-'l^y^'^\e\'dxdy<e-^^'-''^ [ 02 (\y^]\0^T)\'dxdy + 



ea 



<e-^(--)||^(T)|P + ^<|^, 



(2.57) 
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for all t > Ti 



In 



CPr 



. We now estimate 



2 f\yf' 



\£,{x,y,t)\'^dxdy. Multiplying 



(j2.1|) by 0^ ( -Ip- j ^(x, y, t) and then integrating by parts we get 
1 d 



2dt 



2 j2 



dxdy+ [ J(^,Oe0' 
Jn 



dxdy 



For the second term on the left-hand side of (j2.58p . by Lemma 12.41 we have 



^2 J dxdy + p- ^a;C<^ -p- ) (ia^iiy . 



dxdy 



Jn 



dxdy 



2 ' 1^1' ^ 'ePd^^t^y 



By ()2.58p and (|2.59p we find that the following inequality holds 



dxdy 



4 / 



Note that the third term on the right-hand side of (j2.60p is bounded by 



Ra 



'xC(t>^ ^ ] dxdy 



< 



Ra 



2 i2 



\yl 

fc2 



dxdy + Ce 



(2.58) 



(2.59) 



(2.60) 



(2.61) 
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where the last inequahty is obtained by ()2.57p . It follows, then, from (j2.60p and (j2.6ip that 
< ^ (jpj dxdy - J(^, Oe</'' (^) dxdy 



4 / ( SI 0' f SI h dxdy + -glieiP + Cie . (2.62) 



By similar arguments used in (|2.50p . after detailed calculations, we find that for k > k2 and 
t >Ti, the right-hand side of (j2.62p is bounded by 

'\yr 



Ce+^ + C2 [ \f\^dxdy + j [ \C 

k J\y\>k 4 



2 i2 



l\y\>k 

and hence there is /cs > such that for all k > and t >Ti, 



^2 ; dxdy , 



d 
It 



\i\'c^' (^) dxdy + 1 1^ \i\'ct>' (^) dxdy < Ce 



In 

By Gronwall lemma, we find that for any k > k^, 

L (^) "^"^^ - '"^^^"'^'^ I (^) ^"'^^ ^ 

< e-t(*-^i)||e(Ti)[|2 + Ce < C7ie~t(*-^i) + Ce < 2Ce , (2.63) 
for any f > r2 = Ti - I In g^. By ([2371) and (|233]) we see that for any k>k^<mdt> T2, 

(^) (1^1' + ^^^y ^ C-e , (2.64) 
and hence for all k > k^ and t >Ti, 

[ {\e\^ + leP) dxdy < f (f" f S) (1^1' + 1^1') '^^'^y ^ ' (2.65) 
J\y\>%/2k JQ \ J 

which implies Lemma 12.51 The proof is complete. □ 
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3 Existence of Global Attractors 



In this section, we prove the existence of global attractors for problem ()2.ip - ()2.3p in L^(r2) x 
L^{Q). To this end, we need to establish the asymptotic compactness of the solution operator 
which is stated as follows. 

Lemma 3.1. The dynamical system {S{t)}t>o is asymptotically compact in L^(r2) x L^(r2), i.e., 
if in —* oo and {{(,o^n, ^o,n)}^i is bounded in L^(0) xL^(O), then the sequence {S{tn){S,o,n, ^o.n)}^ 
has a convergent subsequence. 

Proof. Since {{£,o,n,Go,n)}'^=i is bounded in L^(r2) x L'^{0,), there is i? > such that 

ll^o.nll + IIVII VnGZ+. (3.1) 

By Lemma 12.31 there is a positive number M, depending on (0,, Pr, Ra), such that for every 
{Co,Oo) G L^{^) X L^{n) with ll^oll + ll^oll < R, the following holds 

\\S{mo,Oo)\\Hi(n)xHl,in) < M, Vt > Ti , (3.2) 

where Ti depends on {fl,Pr,Ra) and R. Since tn — > oo, there is A''i > such that tn > Ti for 
all n > Ni. Therefore we have, for n > Ni, 

||5'(i„)(^o,n,6'o,n)||//i(f7)x//i(n) < ^ ■ (3-3) 
By p.3p we find that there is {^,0) e Hq{Q) x Hq{^1) such that, up to a subsequence, 

5(t„)(eo,n, V) ^ (C.^) in L\n)xL\^) and hH^) x hHVL) . (3.4) 

Given e > 0, by Lemma 12.51 there are positive numbers ki and T2 such that for any k > ki and 
t > T2, S{t){^o,eo), with 11(^0,^0)11 < R, satisfies 

/ {\Smo\^ + \Sit)9o\^)dxdy<^. (3.5) 

Let be large enough such that t„ > T2 for all n > Then by (|3.5p we obtain, for n > N2, 

I {\S{tn)io,n? + 15(tn) VI') dxdy < \ . (3.6) 
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Notice that (|3.3p implies that the sequence {S{tn){£,o,n,(^o,n)\nk}^=i is bounded in H^{^k) x 
H^{Qk) and hence precompact in L'^{Qk) x L^i^k)- Therefore, there is (^,^) G L'^{Qk) x L^i^k) 
such that, up to a subsequence, 

S{tn){Co,n,9o,n) ^i^e) in L2(0fc) X L2(nfc) . (3.7) 

By ([331) and ([321), we find that 

which means that for every k > ki, 

S{tn){^o,n,Oo,n)\n,^{L0)\n, m L\nk)xL\nk). (3.8) 
In other words, for the given e > 0, there is > such that for all k >ki and n> N^, 

{\S{tn)i0,n - + \S{tn)eo,n " ^|') d^^dy < | . (3.9) 



Since ^ and are in L^(J7), there is A;2 > such that for all k > k2, 

[ {\^\'^ + \e\^)dxdy<^. (3.10) 
Let ko = maxj/ci, ^2} and A'^o = max{ A'^i , , -^3}) then for all n > N, we have 

{\S{tn)C0,n - + \S{tn)0O,n " ^l") dxdy 
{\S{tn)^0,n - + \S{tn)9o,n " ^l") dxdy 
+ /" (|5(tn)eO,n-Cl' + |S(t„)%n-e|')f^xdy 

< f {\S{tn)^0,n-C\^ + \S{tn)eo,n-ef)dxdy 
+ 2/ (|S(t„)eo,nP + |5(tn)0O,n|')rfx(i2/ 

+ 2 / + |0|2) dxdy < e , (3.11) 

where the last inequality is obtained by (j3.6|) . (|3.9p and (j3.10p . Notice that (j3.1ip shows that 

S{tn){C0,n, eo,n) ^ (C, 0) in ^^(f^) ^ ^2(j^) ^ 

and hence {S'(t)}t>o is asymptotically compact. The proof is complete. □ 
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We are, now, ready to prove the existence of a global attractor for problem (j2.ip - (j2.3p . 

Theorem 3.2. Problem i2.1\) - [K3\) has a global attractor A in L^(r2) xL'^^Q), which is compact, 
invariant and attracts every bounded set with respect to the norm of L'^iO.) x L^(r2). 



Proof. By Lemma 12.21 the dynamical system {S'(t)}t>o has a bounded absorbing set in L?'{Q) x 
and by Lemma [STTl {S{t)}t>o is asymptotically compact. Then the existence of a global 
attractor follows immediately from the standard attractor theory (see e.g., [H El [T31 ED 123] ) • □ 

4 Regularity of Global Attractors 

In this section, we investigate the regularity of the global attractor obtained in Theorem l3.2i We 
will show that the global attractor A is actually contained in a bounded subset of H'^{Q) xH'^{Q). 
We start with the following lemma 

Lemma 4.1. Suppose that (^O)^o) £ ^^(^2) x L^(0). Then the solution (£,,9) of problem 12. 
h2. 3\) satisfies 



dt 



+ 



IE 



< M, yt>T 



where M depends only on the data {^l, Pr, Ra), T depends on the data {^l,Pr,Ra) and R when 
\M < R and \\9o\\ < R 



Proof By ([231) and I^J^ we find that 

< \\Ac\\ + \\J{^,0\\ + c\\ve\\ + 

< ||Ae|| + C7||e||||AC||+Ci||V0|| + C2<Cl|Ae|| + Ci, Vt>r, (4.1) 



dc 

dt 



where the last inequality is obtained by Lemma 12.31 By (14. ip and Lemma 12.31 again we get, for 
t > T, 

(4.2) 



pt+l jc 2 .t+l 

/ -f dt<C W^iW^dt + Ci < C 
Jt dt Ji 



Similarly, by (12. 3p . we find that, for t >T, 

dO 

- <c\\Ae\\ + \\Jii^,m + \\9\\<c\\Ae\\ + c, 

dt 



(4.3) 
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which along with Lemma 12.31 imphes that, for t>T, 



j-t+l 


d9 


2 rt+l 








It 


H 


dt<C J 



\A9\\^dt + Ci < C 



Let I = § and ^ = ^. Then it fohows from ji^]) and ([33]) that, for t > T, 

t+i , 

\\m\?^\\m\f)dt<c 

We now differentiate ()2.ip and (j2.3p with respect to t to obtain 



and 



— - —AO + j{^t, e) + ~e) = Q. 



Taking the inner product of (|4.6|) with ^ in L-^(O), we find that 



1 d 



2dr 



Pr \ dx' 



By ([2:8]) we have 

< \\Ji^t,mm\<cm\'\m\ < ii^i^ + cnAeip 

We also have the following inequality 



Pr \ OX 



< C||V0||||C|| < ^||V0~IP + ciilip < ^l|ve~|p + lllll^ + Ci 



It follows from p:8]) - (fiT0]) that 
d 



1 



■TM\r + \\vc\r<cmr + ci\\A^\\' + —\\v9\\' + c2 . 



dt 



2Pr 



Now, by taking the inner product of (I32D with 9 in L'^{Vt) we get 



H V6' P 



, , J(^t,0),( 

2dt" " P/' " V ^ " ^' 

By an argument similar to (|4.9p . the right-hand side of (j4.12p is bounded by 

J{^u0),e)\ < |||||^ + ||^||^ + ci|A0||2 . 
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By and (ITOD we find that 



^||^||2 + i-||V^|p < 2|||||^ + 2||6*||4 + CI|A0||2 



(4.14) 



By (lilTD and (fiJij) it follows that 

d 



^m\' + m\') + m\\' + ^\m\' 

< C (lllll^ + ll^ll^) + Ci (1 + ||A^1|2 + 1|A0||2) , 



(4.15) 



which implies that 

jt{m" + M") < c{M' + \\9\\'){m' + \\9\\' 

+ Ci(l + ||A^||2 + j|A0||2) . 
By Lemma |2.3| ()4.5p and the uniform Gronwall inequality we finally obtain that 

\\m\\' + \\m\'<c, vt>r+i, 

which concludes the proof. 



(4.16) 



(4.17) 



□ 



Lemma 4.2. Suppose that (^O)^o) ^ L'^{^1) x L^(r2). Then the solution (^,6*) of problem /i2.1\) - 
h2. 3\) satisfies 

\\m\\H^ + \W)\\H^<M, yt>T, 

where M depends only on the data (0,, Pj., Ra), T depends on the data {0,, Pr, Ra) and R when 
llColl < R and ||(9o|| < R 

Proof. By ()2.ip we have the following inequality 



dt 



+ ||J(v,e)ll + ciiv^ii + ii/ii < c + Ci||^||^,3i|vc| 



< C + C7i||Ve|P<C, 
where we have used (j2.9p and Lemmas 12.31 and 14. 1[ Similarly, by (j2.ip we see that 

de 



IA0II < 



dt 



+ \\j{^.m + \\9\\<c . 



From (|i38l) and (fiJ9]) . Lemma [O] follows. 



(4.18) 

(4.19) 
□ 
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We are now in position to prove the regularity of the global attractor in ff^(O) x H'^[Q,). 

Theorem 4.3. The global attractor A obtained in Theorem \3.^ is bounded in H'^{^1) x H'^(Q), 
i.e., there is a positive constant M such that 

Proof. Since A is bounded in x by Lemma 14.21 there is a bounded set E C 

H'^iSl) X H'^{n) and T > such that 

S{t)A CE, \ft>T . 

But S{t)A C A and hence A E. The proof is complete. □ 
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